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Abstract—A detailed scaling analysis of transport phenomena by laminar natural convection along a
vertical flat plate is made for multiple-component electrochemical systems. The convective flow is generated
by both horizontal temperature and concentration gradients under limiting current conditions. Both binary
and well-supported ternary electrolytes are considered. Thicknesses of the thermal and solutal boundary
layers, concentration variations of all species in each solutal layer, and the heat and mass transport rates
are estimated for electrochemical systems with large Lewis numbers and buoyancy ratios. The solutal
boundary layer structure is constructed for the well-supported electrochemical system. The results from
the present scaling analysis are compared with available analytical results and experimental data.

INTRODUCTION

Natural convection generated by both solutal and
thermal buoyancy forces is referred to as thermo-
solutal convection. These forces may either aug-
ment or oppose each other. In recent years, attention
has been focused on thermosolutal convection due to
horizontal temperature and concentration gradients,
because this somewhat simulates the horizontal
Bridgman crystal growth process. By employing an
electrochemical system, copper-sulfate acid solution
(H,SO,+ CuSO,+H,0), a series of experimental
investigations have been conducted in shallow enclos-
ures by Kamotani et al. {1], Wang and Chuang [2],
Ostrach et al. [3], and Jiang et al. [4]. In the exper-
iments, the thermal buoyancy force either oppose, or
augment the solutal buoyancy force. The interaction
of the boundary layers and the driving forces results
in complex flow structures. Three flow regimes were
identified, the multilayer, secondary cell, and mixed
flow patterns [4]. The multilayer flow is steady while
both secondary cell and mixed flow are unsteady [5],
which also holds for the mass and heat transfer pro-
cesses corresponding to each flow.

Somers [6], Mathers et al. [7] and Wilcox [8] per-
formed analytical studies of thermosolutal convection
along a vertical flat plate for a nonelectrolytic solution
which contains only one species. To consider the ther-
mal effect on mass transport, they proposed a com-
bined Rayleigh number, R4 = Grs+ Le'*Gry (“+”
sign for the augmenting cases and “—"" sign for the
opposing cases), whers Le is the Lewis number which
is a ratio of the Schmidt number, Sc¢, to the Prandtl
number, Pr. Grg and Gry represent the solutal and
thermal Grashof numbers, respectively. They found
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that the dimensionless mass transfer rate, namely the
Sherwood number, Sh, is correlated with RA by an
one-fourth power dependency. The ratio of thick-
nesses of the thermal to solutal boundary layers,
namely the d¢/ds, was found to be proportional to the
square root of Le. These results are accurate only for
situations when both Pr and Sc are greater than one,
as well as when Le approaches unity, as indicated by
Wilcox [8]. For thermosolutal systems with large Le
a new scaling law needs to be derived.

In general, transport phenomena in an electro-
chemical system is different from that in a non-
electrolytic system. If the reacting species, say the
cupric ions C, ,, is consumed in the surface reaction
faster than it is supplied by transport through the
solution, it is eventually depleted at the electrode sur-
face and the current reaches a limiting value, which is
referred to as the limiting current. It is known that
under the limiting current condition, mass transport
process in the electrochemical system is controlled by
solutal diffusion and convection. This, by no means
indicates that the transport phenomena in the electro-
chemical systems become the same as that in the
nonelectrolytic systems. First, the electrochemical sys-
tem must satisfy the electroneutrality condition in the
bulk solution, except in the so-called electric double
layer. Secondly, the migration contribution to mass
transport does not apply for the nonelectrolytic
system. Therefore, the solutal boundary layer struc-
ture as well as the corresponding flow field and con-
centration distributions of the species for an electro-
chemical system with multiple species differ, in
general, from that for a nonelectrolytic system.

The scaling analysis has been proven to be a suc-
cessful approach to gain physical insight into natural
convection heat transfer along the flat plate [9]. To
understand thermosolutal convection in non-
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C’, C dimensionless, and dimensional
concentration [mol m ™

AC  concentration variation [mol m™]

D diffusion coefficient [m? s™]

F Faraday’s constant [C equiv.™']

f coefficient, F/RT [mol (equiv.V)™']

g gravitational acceleration [m s~7]

GR  combined Grashof number

Grs  solutal Grashof number, g8 ACH v ™2
Gry  thermal Grashof number,

g ATH v ?

H length of fiat plate or length scale in ¥
direction [m]

L length scale in X direction [m]

Le Lewis number, S¢/Pr = a/D

N buoyancy ratio, SAC/ AT

Nu  Nusselt number

P dimensionless pressure
Pr Prandtl number, v/or
R universal gas constant [J (mol K)™']

RA  combined Raleigh number

Rag  solutal Rayleigh number, Grg Sc
Rar  thermal Rayleigh number, Gry Pr
Re  Reynolds number, Vy Li/Hgv

Sc Schmidt number, v/D

Sh Sherwood number

77, T dimensionless, and dimensional [K]
temperature

AT  temperature variation [K]

', U dimensionless, and dimensional
[m s™'] velocities normal to the
flat plate

v’, V dimensionless, and dimensional

[m s™'] velocities parallel with the
flat plate
x’, X dimensionless, and dimensional [m]
coordinates normal to the flat plate
dimensionless, and dimensional [m]
coordinates parallel with the flat
plate
charge number of a species
[equiv. mol™'].

[N

NOMENCLATURE

Greek symbols
oy thermal diffusivity {[m? s™"]
Bs volumetric coefficient of solutal
expansion, (ép/0C)/p [m’ mol™']
Br volumetric coefficient of thermal
expansion, — (¢p/éT)/p [K™']
r ratio of concentration variations,

equation (32)
P1s ratio of thermal to solutal boundary
layers, d1/dg

) boundary layer thickness [m]

A difference of charge numbers,
(Z.,—2Z,) [equiv. mol™"]

v kinematic viscosity [m*s™']

p density [kg m™?)

¢’, ® dimensionless, and dimensional [V]
potential

A®  potential variation [V]

Y’ concentration ratio, C/Ckg.

Subscripts

B bulk property

D diffusion

i interface between the inner and outer
solutal layers for the well-supported
clectrolyte

1 inner solutal boundary layer

R reference property or characteristic
value

S solutal property

s electrode surface

T thermal property

A% velocity or flow property

0] migration

0 outer solutal boundary layer

+ hydrogen ions

= sulphate ions

+ + cupric ions.

Superscripts
b binary electrolyte
w well-supported electrolyte.

electrolytic solutions, Ostrach [10] performed a global
scaling analysis which covered wide parametric
ranges. A detailed scaling analysis of thermosolutal
convection in large Le electrochemical systems with
multiple species has not been reported in the literature.
In the present study the analysis is performed so as to
understand transport phenomena in the systems.

A major purpose of the present analysis is to deter-
mine how the electroneutrality and migration affect
the solutal boundary layer structure and cor-
responding concentration profiles of all species in
solutal boundary layers for the systems. The second
motivation of the work is to derive a new scaling law

to describe thermosolutal transport processes, which
is appropriate to the large Le systems. To achieve these
goals, a new approach of force balances somewhat
different from the traditional one needs to be
developed.

GENERAL BASIC EQUATIONS

The consideration is given to transport phenomena
of the thermosolutal convection in the previously
mentioned copper-sulfate acid solution. The elec-
trolyte is an incompressible and dilute electrochemical
system with three components, the cupric, sulfate and
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hydrogen ions. Natural convection is generated by
both horizontal temperature and concentration gradi-
ents along a vertical flat electrode. For the sake of
simplicity, only the convection near the hot cathode
is analyzed, and the thermal buoyancy force is
imposed so as to augment the solutal one. Figure 1
represents the sketch of a steady, two-dimensional
thermosolutal convection with Pr > 1 and Le » 1 in
a binary electrochemical system, namely the cupric
sulfate solution, in which no sulfate acid is added.

It is well known that the electrolytic solution is
electrically neutral, except within an electric double
layer very close to the electrode which is of the order
of 10u in thickness. This condition is expressed by

Z,,C. +Z_C_+Z.C, =0, (1)

+ +, =, and + represent the cupric, sulphate and
hydrogen ions, respectively. In the present analysis,
the effect of the double layer on transport processes is
neglected.

Transport processes in the present system are
diffusion, migration and convection. Therefore, the
equations of hydrodynamics need to be considered.
In the present analysis the physical properties of
electrolytes are considered to be constant and the
Boussinesq approximation is applied for the thermal
and solutal buoyancy terms. The dimensionless forms
of these equations are as follows. The continuity
equation is

Uy v’

Ur Ve 00"
Ly éx’

Hy 0y~

0. )

To satistfy the mass flux balance in equation (2),
we have UpHy ~ VgLg. By using this relation the
momentum equations become

Hot
Cathode

b
Ciys= 0

]
N

ot

Xu

Fig. 1. Sketch of the thermosolutal convection along a flat
plate for a binary electrolyte subjected to augmenting
thermal and solutal buoyancy forces.

843
o’ o o 1 [*w LR &*w
R Rt e ) I E)
ox dy 0x" " Re\gx? H3 dy?
o e Liop | | (v L &
oy P T THi oy TRe\oxt THE 5y

L\ /Gry Grg,
+| = =T =) —C,] 4
<HR> <R€2 = Re? @
where o = ++, =and 4. Note that the deter-
mination of f,, for all species is interrelated by the

electroneutrality condition.
The energy equation describes the heat transfer pro-

cess, and is written as
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The mass transfer process in the electrochemical
system is described by not only convection and
diffusion, but also migration. Therefore, for the
species o, mass transport equation is defined as

,0C, eC, 1 o*C, L ¢*C,
+v = +
oy Se,Re |\ ox?

“ox Hi &y?
+fZazCa<.RAcDR ¢ Lk ¢ "
AC,r ax? Hioy*) "

aC, o¢’
ox o

+fZaA<I>R< + Lz 0C; ad’/)] (6)

HE O oY

where f= F/RT and Sc, = v/D,. On the right hand
side of the equation, the first two terms represent the
diffusion while the last four terms the migration.

Under the limiting current condition, the con-
centration of cupric ions at the electrode surface,
C, . reduces to zero,

Citrs=0. @)

To satisfy the electroneutrality condition given in
equation (1) for the ternary electrolyte, the con-
centration of inert species, sulphate ions (C_ ) and
hydrogen ions (C. ), at the surface must have finite
values

C_,=finite, C,,=—-Z_C_JjZ, (8)

these values are unknown a priori and will be esti-
mated later. The potential at the electrode surface can
be chosen arbitrarily to be zero

¢=9.=0.

SCALING ANALYSIS

In the present study, only natural convection with
large Grr and Grg is analyzed, since it is relevant to
the past experimental work of interest to us and to
most practical applications. For large Grr, a viscous
boundary layer dy exists. For the copper-sulfate acid
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solution, Sc, > 1 and Pr > 1, which are true for most
aqueous electrolytes. Then thinner thermal and solu-
tal boundary layers, d; and dg, coexist with 8y. The
boundary layer structure and the corresponding flow
field have great influence on both heat and mass trans-
port processes.

By employing the approach used by Ostrach [9, 10],
the thickness of the thermal boundary layer can be
estimated. Inside the layer, thermal convection
balances with conduction while thermal buoyancy
with viscous, which lead to

ot ~ HRaz '* %)
and

v Ra}?
H Pr~

Vo (10)

o1 and V- are the thickness of the layer and the
thermal reference velocity in the layer, respectively.
Replacing Pr and Gry by Sc and Grs, the solutal layer
thickness ds and reference velocity Vg are found. The
ratio of thicknesses of the solutal to the thermal
boundary layers can be defined as [1]

s ,
=~ (LeN)'™,

3 (11)

and the ratio of reference velocities is
VT Le 172
Vs N/

and N = Grg/Gry =

(12)

where Le = Sc¢/Pr = oy/D,
BsAC/BAT.

Equations (11) and (12) provide a guideline for
the boundary layer structure. Thermal and solutal
boundary layers may coexist in three different ways:
(a) LeN » 1, 81 > ds; (b) LeN ~ 1, 61 ~ d5; and (c)
LeN « 1, 61 < dg. For each type of layer structure,
three kinds of flow patterns are possible: (1) Le » N,
Vei>Vs; 2) Le~N, Vi~ Vg, and (3) Le < N,
Vi < Vs. Due to space limitations, the present analysis
focuses on the case with

LeN>»1 and Le>» N>1 (13)

because it is relevant to the experimental works [1-4]
and to most aqueous electrolytes used in industrial
applications. The remaining cases will be presented
elsewhere. For a binary electrolyte, these conditions
indicate that 8y > dr > ds and V:> Vg >0, and
therefore the boundary layer structure and the flow
field can be constructed as shown in Fig. 1.

Without loss of generality, the cupric ions Cu* ™,
the sulphate ions SO}, and the hydrogen ions H* of
the copper-sulfate acid solution are assumed to be
completely dissolved in water. Molecular diffusivities
of these ions differ and diffusivity ratios of the ions
at infinite dilution can be defined by solutal Lewis
numbers as [11]

D D_
T =1293, Le_,, =-—" =148

++ D++

Le, ,, =

(14)

To obtain meaningful scales of the solutal boundary
layers and the concentration profiles of the ions in
the layers for the electrochemical system, we must
consider not only the multiple diffusivities of the solu-
tion but also the electroneutrality and migration.
Next, a detailed scaling analysis is carried out for
two limiting cases, a binary electrolyte and a well-
supported electrolyte.

Binary electrolyte

When the sulfuric acid H,SO, is absent, the ternary
electrolyte H,SO,s+ CuSO,+H,O becomes a binary
system CuSO,+ H,0. The binary electrolyte consists
of two species, namely anions Cu** and cations
SO; . These species tend to separate when the diffus-
ivities of the constituents differ. During the separation
a charge density is generated to prevent further sep-
aration. As a result, a potential gradient is created and
migration can no longer be neglected. The migration
speeds up the ions with the smaller diffusivity and
slows down the ions with the larger diffusivity, until
the two diffusion processes are adjusted to an equal
rate. In order to estimate the potential variation, an
apparent diffusivity can then be introduced to describe
the real diffusion processes. The apparent diffusivities
for both SO; and C™ ions are defined by a linear
combination of the migration and the diffusion terms
on right hand side of equation (6)

ACE, Cct
D% ~D., [1 +Z++(qu>g)M]

ACY &
(15)
. o AC g +C%
D> ~ D_ 1+Z=(fAQ)R)T (16)
=R

where the superscript ® represents the binary system
and

AQ)B.R = (DE,B —q):.s’ C';.R = %(C:‘B + C:‘s)

AC, = CE.B—C:,& a=++and = .

To satisfy the electroneutrality condition, an
apparent diffusivity D® must be equal to both
D%, and D" . The reference potential change A®} is
determined by using equations (15) and (16) with
the electroneutrality condition to yield

(D++"D:) AC;

JA®Y ~ :
R (Z:D:““Z++D++) (Cll)z'i’ACtl,{)

an

Substitution of equation (17) into either equation
(15) or equation (16) results in
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~ D++D:(Z++ —'Z=)

D* .
Z..D..~Z_D_

(18)

This result was derived by Levich [12] in a some-
what different manner. The present approach will be
used in the later discussion. An apparent Schmidt
number S¢® is defined as

v o vZ.,D ., -Z.D.)

Sb=—= ;
D* D, . D_(Z,,—Z.)

(19)

and the thickness of the solutal layer for the binary
system can be estimated by using equation (9) as

8 ,
4~ (R4, Rag = Sc°Gr,
bcb H3
Gry = 2o n i 20)

Physically, equation (20) indicates that only one
solutal boundary layer can be defined even though
two species with different diffusivities exist in the solu-
tion. The mass transfer process behaves like a single
species. In contrast, in a nonelectrolytic solution two
solutal boundary layers must exist for two species with
different diffusivities. The results demonstrate that the
electroneutrality and the migration have significant
effect on the solutal boundary layer structure of the
electrochemical system. In general, we conclude that
for any electrochemical system with multiple
components, if difusivities of all species differ, the
electroneutrality condition requires these two species
whose diffusivities are the largest among that of all
species, to share a single solutal boundary layer.

Well-supported electrolyte

A ternary system H,S0,+ CuSO,+H,0 in which
the concentration of H,SO, is much greater than that
of CuSO, in the bulk solution, is referred to as the
well-supported electrolyte, which has been widely used
in mass transfer study and various applications.
Although the diffusivities of H*, Cu™ * and SO; differ
as given in equation (14), H* and SO; cannot diffuse
independently due to electroneutrality as we con-
cluded previously. Therefore, the entire solutal bound-
ary layer must be constructed in two parts, an inner
layer 0%, where concentrations of all ions vary and an
outer layer 6§, where the concentration of cupric ions
remains constant. In 6%y, H* and SO; behave like
the binary electrolyte and share the common solutal
layer. The superscript ¥ represents the well-supported
system. The relative magnitudes of all four boundary
layers for the present thermosolutal system are

Oy > 8r > 95, > &Y.

(21
In 8%, the bulk concentration of the reactant Cu ™,

is much smaller than those of SO and H* and, there-
fore, one concludes that

ACY ACY
=259 w1 and =9

w w
+.0 =,0

« 1

22)

where ACyY, = C)5 —Cy; witha = 4 and = . Similar
to what we did for the binary system, the apparent
diffusivities DY , for H* and the DY ; for SO are

defined as
Clo 23)
ACY

Dlo=D. [1 +Z. (fA®Y)

DY, = D=[1+Z=(fA(D5V)A

cy
=029
cL,
By equating equation (23) with equation (24) due
to electroneutrality, one obtains an estimate of the
potential variation ADy

ACY, (D,-D.)
C‘l,z (Z=D: "Z+D+) '

JADF ~ 25)
By introducing equation (25) into either equations

(23) or (24), the apparent diffusivity Dj =
0.4+ = Dy _ is determined

D.D_(Z,-Z_)

Dy ~
" (@Z,D.—-Z_D.)

~ 361D, (26)
where data given in equation (14) have been used in
the calculation.

In &g, the variation of the concentration of Cu**
has to be taken into account, and the apparent diffus-
ivities for all the ions are defined by linear com-
binations of the migration and diffusion terms on right
hand side of equation (6),

r C
DY, =D, |1+Z (fA0y)—L 27
L= D 1420 I)ACL] @)

r CZ]
DYy =D_| 1+Z_(fAD} - 28
1 (. I)AC“_,YI (28)

427, (fAD}) =

. ++.0

w —
=D,

[ Clia ] 29)

where ACY, = Cy—Cy, with o = +,=and ++.
Subscript | denotes the interface between the inner
and outer solutal layers. Equating these apparent
diffusivities leads to

(D++ _D+) AC‘X—,I
D+ Z+Cv«v+.l

FADY = (30)

(D++_D:) ACVLJ
D_ z.CYy

FADY = (31)
A ratio of concentration variations of the sulphate
to hydrogen ions in the inner solutal layer is deter-
mined by equating equations (30) and (31)
_ & (D+ _D++) _ 1

ACY |
= =—a~ —2.84 (32
ACY, D.(D,.-D) T 32

where equation (14) has been used for the calculation.
Substitution of either equations (30) or (31) into equa-
tion (29) yields
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VA D,,—D,)ACY,
DY, =D++|:1+ +e ( ++ +) +,I}

z. D. i,
(33)
Since
AC\:-I Z++ (D++_D+)
—«1 and —— ——"F~0()
Y Z. D, (
(34

one gets the apparent diffusivity in the inner solutal
layer 8¢,
y=D%Y,,=D% =

35)

W
+.1 =D,,.

Since the minor constituent, Cu* " is the only spec-
ies taking part in the electrode reaction for the weil-
supported system, the concentration variation of inert
species, SO; and H*, must be of the same order of
magnitude as that of the reactant, Cu™*. The electro-
neutrality condition is satisfied microscopically at
every location in the electrolyte, except in the electric
double layer. By applying this condition at both sides
of the solutal layer, one finds that concentration vari-
ations of Cu**, SO; and H* across the entire layer,
are described by

ACY, _Chs—Cl, _Z.

= === 36
ACY, Cvgz—C*, A (o)
ACV«V++,1 _ C‘1+.B“C‘Xr+,s - _ _=’ (37)
ACY,  Crz—CY A

where A = Z_ , —Z_ and the subscript , denotes the
total concentration variation. A summation of the
local concentration variations in the inner and outer
solutal layers should be equal to the total variation
for each species

ACY, = ACY | +ACY, (33)

ACY, = ACY 1 +ACY . (39)

The electroneutrality condition in 6§, requires that
L Cloyrm —=2.,CLy,
and Z_ACY, = —Z ACY,. (40)

Solutions for ACY ;,ACY ;,,ACY ; and ACY , can
be obtained from equations (37)—(40)

v _ Z(Z_.—AD) .
ACY , = Z=(Z=+Z+F)AC++“ ~ —0.35C% 4
(41)
AC‘ZI=~—_ZLAC1+,zO.85C‘1 5
=, (ZZ+Z+F) | +.

42)

(Z. —AD)

ACY 4 = —
(Z.+Z.D)

Aciﬂk.t ~ "0-70C‘«N++.B

(43)

~Z..T

M=z iz

ACY , =~ —0.30C" , 5.

(44)

Note that ACY | = CY , g under the limiting cur-
rent condition, and for the present system, Z_ = —2,
Z,, =2,Z,=1.The value of T given in equation
(32) has been used for the calculations. The thickness
ratio of the outer to inner solutal layers is

W w o\ 1:2
B (2
85 \Das

The basis for equation (45) will be given later. By
satisfying the boundary conditions given in equations
(7) and (8), and connecting the concentration slopes
described by equations (41)-(45) in both the inner
and the outer solutal layers, one can construct the
concentration profiles of all species in the entire solutal
boundary layer. The dimensionless concentration
difference profiles ACyy /CY . g are plotted against the
dimensionless solutal layer thickness, 3 /0%, in Fig.
2. Letters s, 1, and B in the figure represent the cathode
surface, the interface which separates the inner
and outer solutal layers, and the bulk electrolyte,
respectively.

The solutal boundary layer structure and the cor-
responding concentration profiles shown in Fig. 2 for
the well-supported electrochemical system is much
different from that for the nonelectrolytic systems.
First, for a ternary nonelectrolytic system in which
all species have different diffusivities, there are three
solutal layers instead of two for the present system.
Secondly, it is noticed that the concentration profile
of SO; shows a maximum at the interface between

(45)

| s, @
25| w !
’ 5s,l
.
;O+ Inner O:mr ~ |
+ 1.5| Region |Region .'\-«\ Bu"(_
;06 © T > | Solution
g 1
0.5¢4¢
0
w w
6B,R/68.l

N.P. -- neutral point
i --interface of inner and outer solutal layers

Fig. 2. Estimated concentration profiles of all species in
solutal boundary layers for a well-supported electrolyte.
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the inner and outer solutal layers due to electro-
neutrality, which will not be possible for the non-
electrolytic system. Finally, the solutal buoyancy force
in the outer solutal layer is downward since con-
centrations of SO; and H* are higher than while
Cu*™ is equal to the bulk values. However, the orien-
tation of the solutal buoyancy force in the inner solutal
layer is determined by the electrolyte density affected
by the concentrations of all species. There are two
regions in the inner solutal layer, an inner region near
the electrode surface and an outer region near the
interface, as shown in Fig. 2. In the entire inner region
the concentrations of Cu** and SO; are lower than
the bulk values, while that of H* is higher than the
bulk value. Since the density variation generated by
the ACu™* and ASOj is greater than that by AH* in
the region, the solutal buoyancy is upward. In the
outer region, there is a neutral point marked by NP
in Fig. 2 at which the density of the electrolyte
becomes equal to that of the bulk solution. The density
of the electrolyte is lower and higher than the bulk
density of the electrolyte on the LHS and RHS of
the point NP in the outer region, respectively. The
orientation of the solutal buoyancy force in the entire
inner solutal layer is determined, therefore, by the NP
point rather than the interface of the inner and outer
layers. In the portion of the solutal layer from NP to
the electrode surface the solutal buoyancy is upward,
while it is downward in the rest of the solutal layer.

In a numerical analysis of natural convection in an
electrochemical system the same as the present one,
Selman and Newman [13] demonstrated that the solu-
tion density gradient outward normal to the cathode
surface is positive in the inner layer, while it is negative
in the outer layer. The scaling results support the
analysis and, furthermore, provides physical insight
of the solutal boundary layer structure.

It would appear that the downward solutal buoy-
ancy force in the outer portion of the solutal layer
could cause bidirectional flow. No such flow exists in
the present system since the magnitude of the down-
ward solutal buoyancy force is less than upward one,
asindicated by the scaling results. However, the down-
ward buoyancy force modifies the density profiles and
reduces the convection intensity as indicated in ref.
[13]. The present system was used to study thermo-
solutal convection [1, 3, 4]. The parametric range
of these experiments covered the cases in which
ot > dgand V1 > V. The upward thermal convection
outside the solutal layer is strong enough to over-
whelm the solutal downward effect. As a result, the
thermosolutal convection along the electrode is uni-
directional. The scales obtained above will be used
to perform an analysis of heat and mass transfer
correlation in the next section.

Transport correlations

Since the thermal and the solutal buoyancy forces
act in regions with different length scales when Le > 1
(61 > Js), the thermal convection is stronger than the
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solutal convection, even for the cases with N > 1. The
thermal convection in the thermal layer enhances the
solutal convection in the solutal layer. In order to
obtain meaningful estimates of thicknesses of bound-
ary layers and reference velocities in the layers, the
effects of both the heat and mass transfer must be
included in the force balances made in the momentum
equations. To this end equations (3) and (4) are com-
bined by eliminating pressure gradient terms, and
equations (5) and (6) are introduced through deriva-
tives of Tand C

o + L o*wN , (0% +
IR D —
éx’?  Hy 0y’* ox?
1 (L w1
~ Re\Hy) @y Reox?

Ly 0%\
— u
H} oy?

2 L Puw 1 (Lg
TN VAV A
Re H 6x? 8y’ Re* \Hy

v

Grs, [0*C,
8 {za: Sc, Re (6x’2

Grr (3*°T L} 9T\ 1 v o1’
- 7 = +Grr| = =
Pr Re\ox*  H3} 0y?/u u dy

Lﬁ@zc; 1
H} dy*
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For the binary electrolyte, both SO; and H* share

a single solutal layer as was previously mentioned.
Reference parameters in the layer are

Hy =388, ATy = ATS,

oC;, d¢’
ox’ ox’

+ fZaA(DR< (46)

Ve = V3, Dy = D°

as given in equation (18), and
AC:,R = ACllﬁ»,R = ACb:,R = C‘-)+—+,B

due to electroneutrality. Since 61 > 85 the tem-
perature difference AT needs to be rescaled by
the total temperature variation across the thermal
boundary layer
5b
AT ~ —AT. 47)
ot
In the solutal boundary layer 8%, the balance

between the solutal convection and diffusion in
equation (6) yields

b Yoo -1 E :
V3 H(Sc) (5'5’)'

The balance of the viscous term with both the solu-
tal and thermal buoyancy terms in equation (46) yields

(48)
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v . .
I/‘S’ ~—H(Scb) l’2'(GRIS’)”2

GRE = Gr§+ ﬁLebGr-‘}
b
where the Le® = «3/D®. The Gr§ and Gr5 are defined
by the C® | 5 and AT while the GR denotes the com-
bined Grashof number. Combination of equations
(48) and (49) leads to

(49)

®

£~ (S GRY™™.

(50)

In the thermal boundary layer 6%, the V%, 8%, and
AT? are replaced by the V%, 8%, and AT. The balance
between the thermal convection and diffusion in equa-
tion (5), and the balance of the viscous term with both
the solutal and thermal buoyancy terms in equation
(46) yield

3 ,
ET ~ (Pr° GRY)~' (5
where
GRS = (Le®)~'Gr+ G2 and Pr® = vjak,
Vi~ (P (GRY) . (52)

A ratio of thicknesses of the thermal to solutal

layers is defined by
3 bLeN( | L\
s = % ~ (Le®)?? |:<5Ts) + F 1+ F
(53)

where

e =5
Grs
Since Le®>» N® and &% > 6 equation (53) is

reduced to

b O

Vs = (Leb)z"?

5 (34

For thermosolutal systems with Le® ~ 1, Somers [6]
and Mathers et al. [7] found y% is proportional to Le®
with a one-half power dependency. The analytical
result obtained by Wilcox [8] indicates that this depen-
dency no longer holds for systems with Le® > 1. The
present scaling result as given by equation (54) is
plotted in Fig. 3 with the results by Somers [6] and
Wilcox [8]. The new result provides an estimate more
accurate than the scaling of the one-half power sug-
gested by Somers [6]. A good agreement between the
new scaling and Wilcox’s result [8] is demonstrated
for both Le® ~ 1 and Le® > 1 cases. Comparing with
Wilcox’s result, the present scaling is simple and is
easy to apply to specific applications.

The dimensionless mass transfer coefficient, namely
the Sherwood number, SA°, is inversely proportional
to the dimensionless thickness of the solutal boundary
layer

H. D. JIANG et al.

—i3=-  theoretical result [6]
=~ 25} —e— theorstical result [8]
2 -<&-  present scaling result
£ 2}
@ e
(=}
= P .
5 15 n=1/2
2
) n=2/5
- 05

lg(Le)

Fig. 3. Comparison of correlations of log (y+s) or log (Sh/Nu)
and log (Le) for both binary and well-supported electrolytes.

H ;
Shb ~ § ~ (SChGRb)lm GRg — Gr's’—i—(Leb)}/SGr%.

S

(5%

Equations (50) and (54) are used in the derivation
of equation (55). This correlation is formally similar
to that obtained by Somers [6], except that the
coefficient (Le®)'”* of Gr and the diffusivity D used in
the Somers’ result for a nonelectrolytic thermosolutal
system has been replaced by (Le®)** in equation (55)
and DP given in equation (18), respectively.

Similarly, the dimensionless heat transfer rate,
namely the Nusselt number Nu®, is inversely
proportional to the dimensionless thickness of the
thermal boundary layer

Nub® ~ E ~ LI ig

~ SH*(Leé?) %,
& oray TS

(36)

where equations (54) and (55) have been used. The
ratio of SA° to Nu® is proportional to the two-fifth
power of Le®, which is also plotted vs Le® in Fig. 3.
When Le® is large, the scaling of (Le®)** given by
equation (56), rather than that of the (Le®)'” reported
by Somers [6], agrees well with the theoretical result
obtained by Wilcox [8]. Both scalings merge as Le®
approaches unity.

For the well-supported electrolyte, two solutal
layers need to be considered as previously mentioned.
In the outer layer 8Y,, the reference parameters
are: Vg = Vo, Lg =083y, Hx=H, D}, =Dy,
ACY g =0,AC}g = AC},, and « = + and =, in
which D§,ACY , and ACY , are given in equations
(26), (41) and (43). The solutal buoyancy force in
03, tends to retard the convective flow near the elec-
trode surface, since it opposes the solutal buoyancy
force in the inner layer 63;. Equation (26) shows that
Ley ., = D§/D, | is in order of unity and therefore
equation (53) becomes

Ysor = 850/081 ~ Leg’s . = (D§/D. )", (5T)
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where 7§ is the ratio of thicknesses of the outer to
inner solutal layers.

In the inner layer 6%, the reference parameters are :
Ve=V¥, Lg =08, Hr=H, D}y =D, ,,AC}x =
Cy, and o = ++, + and =, in which D},ACY;
and ACY ; are given in equations (35), (42) and (44).
In a manner similar to that for a binary electrolyte,
we obtain

vW
Vsi~ ﬁ(sc‘-v++)7|/2(GR§‘l.l)l/2 Sci, =v[D,,

(58)
& ~ (SCL.GRY)™" (59)
Sh* ~ (Sc% . GR¥)'Y* (60)

where the combined Grashof number GRS is defined
as

GRY, = Gry+(Le¥, ) Gry (61)
and
AptH?
Gry =25 _ Y Gr,
) =

—(Leg D (Gr - o+ Grs 1 0)-

The Gr{ denotes the integrated solutal Grashof
number and « = +, + + and =. Note that solutal
Grashof numbers with subscript ; and ; are defined by
the physical properties and concentration variations
in the inner and outer solutal layers, respectively. The
concentration variations are given in equations (41)—
(44). Concentration variations of all species in the
both inner and outer solutal layers contribute to the
density variation.

In general, mass transport correlation for the
present system is

Sh” = C'(Sc% . GREY)". (62)

n is found to be 1/4 by using the scaling result as
given by equation (60) and C’ is an arbitrary constant
which is determined by experimental results. The
experimental data reported by Jiang et al. [4] are used
to verify equation (62). The data are plotted in Fig. 4
to compare with the scaling result. The data fit well
with the one-fourth power line up to (S¢% , GRY))"!
and then deviate from the line. The deviation appears
to indicate the transition of flow into the turbulent
regime. By extrapolating the one-fourth power line C”
is found to be 0.71.

Similar to the binary system, the ratio of S#* to Nu®
for the well-supported system is

Sh" oF

w W

. 2/5
N ~V1s = 5 ~ (Lea(,++) :
S.I

(63)

Both SA*/Nu* and y¥s are also plotted vs Le} , , in
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Fig. 4. Mass transport correlation for a well-supported
electrolyte.

Fig. 3 and the conclusions drawn for the binary system
apply for the well-supported system.

CONCLUSIONS

A scaling analysis has been successfully applied to
study transport phenomena of thermosolutal con-
vection in multiple-component electrochemical
systems. Due to the interaction of diffusion and
migration the solutal boundary layer structures of
electrochemical systems are found to be very different
from that of nonelectrolytic systems.

For a ternary electrolyte, such as cupric-sulphate-
acid solution, the hydrogen and sulphate ions must
share a single solutal boundary layer to satisfy the
electroneutrality condition. Therefore, only two solu-
tal layers, the inner and outer layers, can be defined
and their thicknesses have been estimated. Con-
centration profiles of the sulphate, hydrogen and
cupric ions are estimated in both inner and outer
layers, respectively. It is noticed that the concentration
of the sulphate ions reaches a maximum at the inter-
face between the inner and outer layers. As a result,
the solutal buoyancy force is upward in the inner
portion of the entire solutal layer, and downward in
the outer portion of the layer.

A new approach which considers the effects of heat
and mass transfer simultaneously with the momentum
transport is developed to study transport correlation
for the thermosolutal convection. It is found that the
ratio of thermal to solutal boundary layers as well
as the ratio of the Sherwood to Nusselt numbers
are proportional to the two-fifths power of the
Lewis number. The scaling results are compared with
both analytical results and experimental data and
satisfactory agreements are demonstrated.
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